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In this paper, we suggest a new reliable application of He’s homotopy perturbation method to
study some evolution equations. The new application accelerates the rapid convergence of the series
solutions and is used for analytic treatment of these equations. Some illustrative examples are given
to further highlight the reliability and flexibility of the homotopy perturbation method.
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1. Introduction

A new perturbation method called the homotopy
perturbation method (HPM) [1—4] was proposed by
Ji-Huan He in 1999, which is a coupling of the tra-
ditional perturbation method and homotopy in topol-
ogy. The traditional perturbation methods are based
on assuming a small parameter, and the approximate
solutions obtained by those methods, in most cases,
are valid only for small values of the small parame-
ter even though many of nonlinear problems having
strong nonlinearity have no small parameters at all.
The homotopy perturbation method, without demand-
ing a small parameter in the equations, deforms con-
tinuously to a simple problem which is easily solved.
In this method, the solution is given in an infinite se-
ries, which usually converges rapidly to an accurate so-
lution. The approximations obtained by the HPM are
universally valid for small parameters, but also for very
large parameters. This new method was further devel-
oped and improved by He, and a considerable amount
of research has been conducted in applying this method
to various kinds of linear and nonlinear problems, such
as nonlinear oscillators with discontinuities and con-
servative nonlinear oscillators [5—8], nonlinear wave
equations [9], limit cycle and bifurcations [10—13],
nonlinear boundary value problems [14—15], asymp-
totology [16], integro-differential equation [17-19],
non-Newtonian flow [20-21], systems of differen-
tial equations and stiff systems [22—24], differential-
difference equations [25—26], nonlinear Korteweg-de

Vries and Burgers equations [27-30], Schrodinger
equations [31], the Cauchy reaction-diffusion prob-
lem [32], and many other subjects [33—-45]. All of
these applications verified that this method is a very
effective and powerful tool for solving both linear
and nonlinear problems. For a complete survey on the
HPM and its applications, see [34—36] and the refer-
ences therein.

It should be noted that even though it is well per-
ceived that the HPM solution usually produces excel-
lent results, there may be some special cases in which
the simple homotopy equation may yield a divergent
series solution. In order to apply the HPM successfully,
it is important to construct a suitable homotopy equa-
tion, for which the simple problem involved should
outline the basic character of the solution. A suitable
choice of a homotopy equation will yield excellent re-
sults with just a few iterations. Some explanation of
this issue is well addressed by Ji-Huan He in his series
of tutorial articles in [37—39]. In this paper we aim
to extend this issue and make a further investigation in
this regard. A reliable application of the homotopy per-
turbation method will be proposed. This will provide
rapid convergence of the series solutions as compared
with the standard HPM as well as a reliable analytic
treatment of some evolution equations. Several exam-
ples are tested, and the obtained results suggest that
the newly developed technique could lead to an effec-
tive complement for the application of the HPM, and
to further reveal the power of the HPM over existing
numerical methods.
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2. Basic Idea of He’s Homotopy Perturbation
Method

To illustrate the homotopy perturbation method for
solving differential equations, He [1-2] considered
the following nonlinear differential equation:

Au)=f(r), reg, (1)
subject to the boundary condition
0
B<u,—”)—0, rer, )
on

where A is a general differential operator, B is a bound-
ary operator, f(r) is a known analytic function, I is the

boundary of the domain €2, and 9 denotes differenti-

n
ation along the normal vector drawn outwards from Q.
The operator A can generally be divided into two parts,
M and N. Therefore, (1) can be rewritten as

M(u)+N(u) = f(r),

He [1-2] constructed a homotopy v(r, p) : 2 x [0,1] —
R which satisfies

H(v,p) = (1—=p)[M(v) = M(uo)] + p[A(v) = f(r)] @
=0,

ref. 3)

which is equivalent to

H(v,p) = M(v) = M(uo) +pM(uo) + p[N(v) — f(r)]
=0, (&)

where p € [0, 1] is an embedding parameter, and ug is
an initial approximation of (3). Obviously, we have

H(v,0) = M(v) — M(uo) =0,

H(v,1)=A(W)—f(r)=0. ©

The changing process of p from zero to unity is just
that of H(v, p) from M(v) — M(up) to A(v) — f(r). In
topology, this is called deformation and M(v) — M (ug)
and A(v) — f(r) are called homotopic. According to
the homotopy perturbation method, the parameter p is
used as a small parameter, and the solution of (4) can
be expressed as a series in p in the form

v=vo+pyi+p vt pivatee.. (7

When p — 1, (4) corresponds to the original one, (1),
and (7) becomes the approximate solution of (1), i.e.,

uzlinllv:v0+v1+vz+V3+m. (®)
p*}
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If (1) admits a unique solution, then this method pro-
duces the unique solution. If (1) does not possess a
unique solution, the HPM will give a solution among
many other possible solutions. The convergence of the
series in (8) is discussed by He in [1-2].

3. An Application of He’s Homotopy Perturbation
Method

The homotopy perturbation method successfully
and easily solves a variety of partial differential equa-
tions. However, the application of the HPM with some
homotopy to some evolution equations may lead to di-
vergent series solutions, this is certainly not a desirable
situation. In the following examples we illustrate these
cases.

Example 3.1 Consider the problem [40]

U+ y =2Uyy, —0<x<4oo, t>0, (9)

u(x,0)=e¢ "~ (10)
We construct the following homotopy:

ur = pRuyyr — uy). (11)

Substituting (7) into (11) and equating coefficients of
like powers of p, we obtain

0.9 _

Pl = 0, wvo(x,0)=¢"", (12)
av oy, v
1 1 0 0
= =2 — — 0)=0
P T e e 0 =0y
v v 1 Ov,_g

n n n n

== =2———— , ,0)=0. (14

P T e ax o w0 =0-09
The solutions of the above equations are given by
vo(x, ) =e ™,
vi(x,1) =re™,
1

va(x,t) = (2t + =% Je 7,

200 ( 2 ) (15)

1
v3(x,t) = <4t +202+ 6t3> e,
According to the HPM, we can conclude that
=Yy vy (16)
n=0
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This result is in full agreement with that obtained by
using the standard Adomian decomposition method
(ADM) and the sequence on the right-hand side of (16)
can be shown to be divergent for any value of 7 (see
[40] for more detail). It should be remarked that the
homotopy constructed by

U + tty = 2 plixy (17)
also gives a divergent series.
Example 3.2 Consider the problem [40]
otu  u
2 , —oo<x< 4o, >0, (18
WS T acar et (1)
u(x,0) = sinx. (19)
We construct the following homotopy:
9’ 9'u
=p|ls=>=—-2=—+]- 20
=P [axzat ot 20)

Substituting (7) into (20) and equating coefficients of
like powers of p, we obtain

ov
0 : —O = = i
P 0, wvo(x,0)=sinx,
ov v oty
1. _ 9V ,9 % =
P T ke Caer Mw0=0 o
n . OVn a%n,l a4vn,1
Piar T ke a0 =0.

The solutions of the above equations are given by

vo(x,t) = sinx,
vi(x,t) = —2¢sinx,
v (x,t) = 202 421 sinx,
o) = @42y, o
vi(x,t) = — <2t+4t2 + §t3> sinx,
The solution given by
=Yy vy (23)
n=0

is in full agreement with that obtained by the standard
Adomian decomposition method, and the sequence on

61

the right-hand side of (23) can be shown to be divergent
for any value of ¢ (see [40] for more detail). It should
be remarked that another possible homotopy defined
by

B u
~Poar

22 (24)
u -
T
results in a complicated divergent series. In [40] a mod-
ified ADM is considered to deal with this situation,
which gives the solution
u(x,t)=e "% (25)
However, their approach is involved more in applying
to cases than in general situation.

4. A Reliable Application of He’s Homotopy
Perturbation Method

In the discussed problems in the previous section,
we observed that the HPM in some special cases may
yield a divergent series solution. However, these situa-
tions can be easily overcome by considering appropri-
ate homotopy with a converging parameter as will be
seen in the following, this is revealing the reliability of
the HPM.

Example 4.1 Consider the same problem as in Ex-
ample 3.1:
t>0, (26)

U+ Uy =2Uyyy, —00 <X < Foo,

u(x,0)=e". (27)

To solve this problem, we construct the following ho-
motopy:
U+ Pux =

P2 + (B = Dudd, (28)

where 8 is a real number further to be determined.
Substituting (7) into (28) and equating coefficients
of like powers of p, we obtain

AR av‘) ﬁav‘) 0, vo(x,0)=e™,  (29)
Bv v o
1 ov1 0 0

ﬁax 2o TB-D5mx0)=0,

(30)
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8 8vn1

Vi1
-1 31
Bax 2555, T (B-1) , 3D
v,,(x,O) =0.
The solution of (29) is
vo(x,t) = ebr—x (32)
(30) then becomes
0 0
SEHBSE = (B+ 1) vi(x,0)=0. (33)
Now we take B = —1 so that the solution of (33) is

vi(x,¢) = 0. In this case, v,(x,) =0, n > 2. This in
turn gives the exact solution in a closed form

u(x,t) = i vp=e % (34)
n=0

Example 4.2 Consider the same problem as in Ex-
ample 3.2:

+2a4” Pu <x< 4o, >0, (35)
MTEOE T 2 " ’ ’
u(x,0) = sinx. (36)

To solve this problem, we construct the following ho-
motopy:

P TAC AT ST IS
MAYPIA =P |5 T o |

where f3 is a real number further to be determined.
Substituting (7) into (37) and equating coefficients
of like powers of p, we obtain

Prapads avo ﬁaaxvf =0, vo(x,0) =sinx, (38)
av v _ vy oty
1. g1 9 Vo
v (x,O) =0,
n. a\/n a Vn _ 3")1 a Vn
pre g g = Tt (529 (40)
Vn (x,O) =0.
The solution of (38) is
vo(x,1) = e P'sinx. 41)
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Then (39) becomes

av oty
o vy 1
HhoE
vl(x,O) =0.

= (2B —2)e Psinx, 42)

Now we take § = 1 so that the solution of (42) is
vi(x,7) = 0. In this case, v,(x,t) =0, n > 2. This in
turn gives the exact solution in a closed form

u(x,t)=e

In the proposed approach the rate of convergence may
be accelerated, and at the same time it leads to the exact
solution. To illustrate the efficiency and flexibility of
the HPM, we consider the following partial differential
equations.

sinx. (43)

Example 4.3 Consider the homogeneous diffusion
equation that represents a heat equation with a lateral
heat loss [41]:

w=ux—u, 0<x<m >0, (44)
u(0,t) =0, u(m,1)=0, (45)
u(x,0) = sinx. (46)

A standard HPM: We construct the following homo-

topy:
Ur = p[“xxt - M} .

(47)

Substituting (7) into (47) and equating coefficients of
like powers of p, we obtain

d
L P v1(x,0) =0 (49)
p 8t - ax2 05 1 ) -
2
P % - aa‘);;l = Vi1, va(x,0)=0.  (50)
We then obtain
vo(x,t) = sinx,
vi(x,1) = —(2t)sinx,
(2
VZ(xvt) - 21 Sin.x,
2t 3 51
v3(x,t) = —(3,) sinx, ey
B 2)*
va(x,1) = 10 sinx,
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from which we obtain the solution
u(x, t) =
(21)?

, 2t (21)*
s1nx<1—(2t)—|— o1 —(3!) +(4!) —-

) (52)

(53)

obtained upon using the Taylor expansion of e 2.

It should be remarked that the standard variational
iteration method yields the same result as that given
in (51) (see [41] for details of this).

The proposed HPM: We construct the following ho-
motopy:

u,—l—ﬁu:p[uxx‘F(ﬁ_l)”}v

where 3 is a real number further to be determined.
Substituting (7) into (54) and equating coefficients
of like powers of p, we obtain

which gives the exact solution

u(x,r) =e *sinx,

(54)

0 aV()

Piss +Bvo=0, vo(x,0) =sinx, (55)
v v
p': a_;l + By = W()* (B — vy, vi(x,0) =0,(56)
oy, azvn_l
e n=— "3, -1 n—1,
P B = S (B vy
vu(x,0) =0. (57)
The solution of (55) is
vo(x,1) = e Prsinx. (58)
Then (56) becomes
8v1

< B =B~ 2)e Prsinx, vy (x,0)=0. (59)

Now we take B = 2 so that the solution of (59) is
vi(x,2) = 0. In this case, v,(x,#) =0, n > 2. This in
turn gives the exact solution in a closed form

u(x,t) =e sinx, (60)
which is in full agreement with that given in (53).

Example 4.4 Consider the inhomogeneous advec-
tion partial differential equation [42]

(61)
(62)

U + Uiy :x+xt2,

u(x,0) = 0.

63

A standard HPM: We construct the following homo-

topy:
Uy — (x+xt%) = — puuy. (63)

Substituting (7) into (63) and equating coefficients of
like powers of p, we obtain

o
P B_to — +xt2) =0, v(x0)=0, (64)
ov ov
1 1 0
P = voa 0)=0 65
P T g ne0=0 (69
ov v,
P = g (e 0) =0, (66)
‘We obtain
1
vo(x,t) = xt + gxt3,
1
vi(x,t) = —=xt® — —xtd — —xt’, (67)

3 157 63

It is obvious that more components are needed to get an
insight through the series solution. However, our mod-
ified approach gives the exact solution in just one iter-
ation as in the following.

The proposed HPM: We construct the following ho-
motopy:

u — Bx = p [—uuy+ (1 — B)x+xt?] (68)

where f3 is a real number further to be determined.
Substituting (7) into (68) and equating coefficients
of like powers of p, we obtain

d
P % —Bx=0, wo(x,0)=0, (69)
P % = —vo% + (1= B)x—+xt2,
vi(x,0) =0, (70)
The solution of (69) is
vo(x,1) = Bxt. (71)
Then (70) becomes

Bvl

5 = (1—BHx® +(1—B)x, vi(x,0)=0. (72)
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Now we take § = 1 so that the solution of (72) is
vi(x,2) = 0. In this case, v,(x,#) =0, n > 2. This in
turn gives the exact solution in a closed form

u(x,t) =xt. (73)

5. Conclusion

In this work, we suggested a new reliable applica-
tion of the homotopy perturbation method. The new
application can provide a rapid convergence of the se-
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